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Abstract We use the Clifford algebra technique (J. Math. Phys. 43:5782, 2002; J. Math.
Phys. 44:4817, 2003), that is nilpotents and projectors which are binomials of the Clifford
algebra objects y“ with the property {y“, y?}, = 2, for representing quantum gates and
quantum algorithms needed in quantum computers in a simple and an elegant way. We
identify n-qubits with the spinor representations of the group SO(1, 3) for a system of n
spinors. Representations are expressed in terms of products of projectors and nilpotents;
we pay attention also on the nonrelativistic limit. An algorithm for extracting a particular
information out of a general superposition of 2" qubit states is presented. It reproduces for a
particular choice of the initial state the Grover’s algorithm (Proc. 28th Annual ACM Symp.
Theory Comput. 212, 1996).

Keywords Clifford algebra - Quantum gates - Quantum algorithms - Group SO(1, 3)

1 Introduction

In the references [4, 5] and also in the references cited there the use of the geometrical al-
gebra to demonstrate the gates and their functioning is presented. In this paper we use the
technique from the references [1, 2], which represents spinor representations of the group
SO(1, 3) in terms of projectors and nilpotents—the binomials of the Clifford algebra objects
y“. We treat relativistic and nonrelativistic cases although at this moment the experimen-
tally realizable quantum computers do not need the relativistic treatment.! Fast electrons in
the ring, for example, used to function as a quantum computer, would, however, need the
relativistic treatment. We demonstrate that in the nonrelativistic limit the group SO(1, 3) is
behind the usually used group SU(2).

! The reader can find in the Ref. [6] and the references cited there discussions about the present status of
quantum computers, while we recommend the Ref. [7] to learn more about the Clifford algebra. One can find
the appropriate references about the Clifford algebra also in [1, 2].

M. Gregori¢ - N.S. Manko¢ Borstnik (B<)
Department of Physics, University of Ljubljana, Jadranska 19, 1000 Ljubljana, Slovenia
e-mail: norma.mankoc @fmf.uni-lj.si

@ Springer


mailto:norma.mankoc@fmf.uni-lj.si

508 Int J Theor Phys (2009) 48: 507-515

It is easy to prove (and it is also well known) that any type of a quantum gate, operating
on one qubit and represented by an unitary operator, can be expressed as a product of the
two types of quantum gates—the phase gate and the Hadamard’s gate—while the C-NOT
gate, operating on two quantum bits, enables to make a quantum computer realizable, since
all needed operations can be expressed in terms of these three types of gates. In this paper
we identify the spinor representation of two one spinor states with the two quantum bits |0)
and |1) and accordingly n spinors’ representation of SO(1, 3) with the n-qubits. The three
types of the gates can then be expressed in terms of projectors and nilpotents in a transparent
and elegant way.

We present also the algorithm for extracting a particular information out of any super-
position of a n-qubit state. For a particular choice of the initial n-qubit state this general
algorithm reproduces the Grover’s algorithm [3].

2 The Technique for Spinor Representations and Qubits

We define in this section basic states for the spinor representation of the group SO(1, 3)
using the technique of the Refs. [1, 2] and identify the two qubits with the two spinor states
of a chosen either handedness or parity. The n-qubits are then identified with the n two
spinor states.

There are twice 2 basic states of the spinor (fundamental) representation of the group
S0(1,3), two (2*?~1) of each handedness (the left one and the right one). We represent
the basic states as polynomials of the Clifford algebra objects y“—nilpotents and projectors
[1, 2]—chosen to be the eigenvectors of the Cartan subalgebra set of the 2(= %) commuting
operators (we make the usual choice of the Cartan subalgebra set: S'2 and S%) out of the
set of 6 = (4(4 — 1)/2) infinitesimal operators S°° (§!, §92, §93, §23  §31_§12) of the group
SO(1, 3), fulfilling the Lorentz algebra {S%*, §9}_ = i (n?9 §b¢ 4 e §9d — pac §bd _ pbd gacy,
The generators S°° can for spinors be written in terms of the operators ¥ fulfilling the
Clifford algebra

. y"h =22, diagp =(1,-1,—1,-1),
. (D
S = %yayb, fora # b and 0 otherwise.

They define the spinor (fundamental) representation of the group SO(1, 3) of the two hand-
edness, the left (L) and the right (R) one

03 12 03 12
[0)r = [—i1(H) lpo), 11}z = (+D)[—]l¢o),
2)
03 12 03 12
[0)r = (+D)(+) lgo), 1) r = [—i1[—]l¢0),
ab ab ab ab ab
with nilpotents ((k) (k)= 0) and projectors ([k][k]=[k]) defined as
03 1, s 12 1o,
(£i) == E(y Fy), (D :=5(V +iy?),
3)

03 1 12 1
(il =54y, = +iy'y?.
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Nilpotents and projectors are eigenstates of the Cartan subalgebra set S and S'2, since

03 ) 03 .03 12 12 12
SO (k)= £5 (i), S® [+i]= +5 [£i] and similarly S (3)= £ (£), S? [£]=
12
41 [+]. This can very easily be checked just by applying $* and S'? on a particular nilpo-
03 12 03 12
tent ((£i), (£)) or projector ([£i], [£]) and by using (1). |¢g) in (3) is the (in our technique
unimportant) vacuum state [1, 2] (which can be for our choice of basic states represented by

l©o) =[33i 1 [E] |0) and normalized as (¢y|¢@o) = 1), which does not influence our derivations
and we shall from now on skip it.

The states |0), and |1); have the handedness I' = —4iS%§'? equal to —1, while the
states |0)g and |1)x have the handedness equal to 1, which again can easily be proved just

03 03
by inspection. When taking into account that y*' = 5%y it follows that ((£i))" =(Fi),

12 12 03 03 12 12
(E)NT == (), (DT =[%i] and ([£])" =[Z£]. It can then easily be checked (by taking
into account the normalization of the vacuum state {¢g|¢o) = 1 and (1)) that the basic spinor
states are normalized as follows [1, 2]

plilj)a = 8ijdap, “

where i, j denote O or 1 and «, B left or right handedness.
When describing a spinor in its center of mass motion, the representation with a well
defined parity is usually more convenient

03
—1l

1 12 03 12
[0)+ = —2([ 1(+) £ (+)(+)),

V2
5
1 03 12 03 12
e = —2((+i)[—] £ [—[-D,

7

where +, — stay for the positive and the negative parity state, respectively. Both representa-
tions, the chiral one and the one of the well defined parity, are equivalent.”

Let us present some useful relations for the Clifford algebra objects. Nilpotents and pro-
jectors fulfil the following relations [1, 2] (which can be checked just by using the definition
of the nilpotents and projectors (3) and by taking into account the Clifford property of

03 03 03 03
21t is worthwhile to notice that there are the two superposition of (+i) and [—i] (namely % ((+i) £ [=i]D),

which are eigenstates of yo (with the eigenvalue £1, respectively) and define the positive parity state (with
12 12
the + sign) and the negative parity state (with the — sign), while (+) or [—] determines the eigenstates of S 12

Let us point out that any operator $/, i = 1,2, 3; transforms a left handed basic state into a left handed basic
state and a right handed basic state into a right handed basic state. The operator $31 for example, transforms

03 12 .03 12 03 12 . 03 12
the state [—i](+) into ’j (4+i)[—], while it transforms (4i)(+4) into ’§ [—i][—], leaving the superposition
03 03 .
% ((+i) = [—i]) unchanged (up to a factor ili)' This explains that in the nonrelativistic limit the state

1 03 03 12 12 1 1 03
7 ((+i) + [—i]) (+) can be denoted just by the eigenvalue of $°“, which is 5, while the state 7 ((+i)

03 12
+ [—i]) [—] is denoted correspondingly by f%. In the nonrelativistic limit we mostly work with spinors of
positive parity.
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y*’s (1)
ab ab ab ab ab ab ab ab ab ab
(k)(k) =0, (k)(—=k) = n*[k], [kIlk]=I[k], [k][-k]=0,
6
ab ab ab ab ab ab ab ab ab ab ( )
B)[k]=0, [k]l(k)=(k), K)[-kl=(k), [kI(=k)=0.
We then find that the operators
03 12 03 12
== EDF), T = FDEF) N

transform a state of a particular handedness (left or right) into a state of the same
handedness or annihilate it, while they annihilate the states of an opposite handed-
ness

100 =11z, 711 =10),

®
%10 r =Dk, T =10)z.
All the other applications of ;7 and t give zero.
We also find that the operators
03 12 03 12
tTTi=1 418 =~ (E)F) + (F)EF) ©

transform a state of a well defined parity (5) into a state of the same parity or annihilate it
tT0)x =[x, TH1)e=10)x, (10)

while the rest of applications give zero, accordingly (t++t7)|0)x = [1)x, (tT+77) 1)L =
0)+.

We present the following useful properties of ¥, valid for z;° and 7j as well, so that we
shall from now on skip the index L, R,

. 12 12
=0, H'=7F, he=[+], =[], G@T+)’=],

12 12 12 12
T [+]=0, 1 [-]=0, [+t~ =0, [-]tT=0, (11)

12 12 12
th=1=t", t [+l=1", [Hrt=1" [-]t =1

We identify one qubit with one of the two spinor basic states, making use of states with
positive parity, or we equivalently use the basis with well defined handedness.

We identify n-qubits with states which are superposition of 2" products of n one spinor
states.

A n-qubit state® can be written in the chiral representation as

liviy---ir-inda = [ [ lider @=L, R, (12)

I=1,n

3Letus point out that each operator y¢ carries the index of a particular spinor (yl") and so do all the projectors

ab 12
and nilpotents ((k);, [k];)). Spinors “see each other” only by exchanging gauge bosons or in the effective
theories by experiencing the (classical) fields (the electromagnetic fields, for example) or the effective spin-
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while in the representation with well defined parity (we made a choice of a positive parity)
we similarly have

liyip---ij i)t = 1_[ lif)+. (13)

I=1,n

Here i; stands for |0),; or |1);—the two basic states of the /-th spinor. All the raising and low-
ering operators ‘C[Od:, a=L,Ror rli carry the index of the corresponding qubit manifesting
that they only apply on the state / (on the /-th spinor), while they do not “see” all the other
states. Since they are made out of an even number of the Clifford odd nilpotents, they do not
bring any sign when jumping over one-qubit states.

Either in the chiral representation or in the representation with well defined parity the
basic states are chosen to be the eigenstates of the operators S/?. According to (10) any

n-qubit state can be written as follows

liviy---i---in) = [ ] ()"0}, (14)

I=1,n

with i; equal to O for the state with the eigenvalue of Sll2 equal to % or 1 for the state with
the eigenvalue of ;% equal to — %

3 Quantum Gates

We define in this section three kinds of quantum gates: the phase gate and the Hadamard’s
gate, which apply on a particular qubit / and the C-NOT gate, which applies on two qubits,
say [ and m. All three gates are expressed in terms of projectors and an even number of
nilpotents.

i. The phase gate R, is defined as

12 o 12
Re, =[+]; +e™ [-]; . 15)

Statement The phase gate R, if applying on |0;) leaves it in the same state |0;) without
any change, while if applying on |1;) multiplies this state with e'®. This is true for states
with well defined parity |i;) and also for the states with well defined handedness (|i;); and
lir) R)-

Proof To prove this statement one only has to apply the operator Rq, on |i;), |i;)z, and |i;) g,
with i; equal to O or 1, taking into account equations from Sect. 2. ]

12
spin interactions. All these types of interactions manifest besides in the spin S 112 part of a spinor state ((+);,

3 0.
[g] 1) also in the Sl03 part ([Bi i, (—S) 1), although this change is never pointed out, from the reason discussed
in footnote 2, although it might be instructive. Two spinor qubits can coherently (not at the same time, but in
a controlled way [8], although the degree of coherence must be and it is carefully studied for the purpose of
quantum computers) be changed by a laser beam, for example, even if the two qubits are well separated in
space.
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ii. The Hadamard’s gate H, is defined as

1 12 12 03 12 03 12 03 12 03 12
H = ﬁ[[‘i‘]l —[=1 = (D) (=) + (=) (=) — (=) () + (D) ()], (16)

or equivalently in terms of T* (9)

1 12 12
H = %[[4‘]1 =L+ +5' (17)

Statement The Hadamard’s gate H, if applying on |0;) transforms it to (%(|01) + [1;))),

while if applying on |1;) it transforms the state to (%(|Ol) — |1;))). This is true for states
with well defined parity |i;) and also for the states in the chiral representation |i;); and
lir)R-

Proof To prove this statement one only has to apply the operator H; on |i;), |i;), and |i;),
with i; equal to O or 1, taking into account equations from Sect. 2. a

iii. The C-NOT gate C;,, is defined as

12 12 03 12 03 12 03 12 03 12

or equivalently

12 12
Com =[+) + [, [T, + 7,01 (19)

Statement The C-NOT gate C,, if applying on |---0;---0,, - --) transforms it back to the
same state, if applying on |---0;---1,, ---) transforms it back to the same state. If C;,, ap-
plies on |---1;---0,,---) transforms it to |---1;---1,,---), while it transforms the state
|"'1l"'1m"'> to the state |"'11"'0m"'>~

Proof To prove this statement one only has to apply the operator Cj, on states
[<ovdpeevdpee)y [ oevdp i)y |- i -+ i - - -) g, With @, i), equal to O or 1, taking into
account equations from Sect. 2. O

Statement When applying [|; H; on the n qubit state with all the qubits in the state |0;),
we get the state |1/fg )

n l n
o) =[] 7100 = 37 [ Ta0n + 1. (20)

i

Proof 1t is straightforward to prove this statement, if the statement ii. of this section is taken
into account. g
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4 Useful Properties of Quantum Gates in the Technique Using Nilpotents
and Projectors

We present in this section some useful relations.

i. One easily finds, taking into account (15,17,19,9,11), the relation

1 12 12 _ ) .
Ro,HiRo, Hi = 5{([+]1 +e U =1+ + (1 + ) — ), 2D
which transforms |i;) into a general superposition of |0;) and |1;)

¢ R gy HiRa9, Hil0r) = cos(9)|0,) + €' sin(9)|1,),
(22)
e NTTIR i H Rag Hilly) = sin(9)]0;) + €' cos(9)|1;).

ii. Let |[¢™), be a general superposition of p-qubit states |k), =[], , (7,7)"10);, with
i; =0, 1 for a particular choice of i; so that |k), represents any of the 27 basic p-qubit
states: [y™), = iil oy |k) ,. Then for Ziil ay*ay’ =1 we find that the operator é;”

is an involution

or =2iy™), (" - 1.
(23)
Am\t _ Am AmN2
ont=0y, (O =1.

We al§o find tha'lt any operator Py =1- 2R’;, with Ry =TT, |id) (il = k) »(k|, with
a particular choice of i;, is also an involution

p
Ph=1—2]] li)(ul=1-2RS,
=1

(24)
(Py)?=(I—-2R)* =1

5 Algorithm for Extracting Particular States

Let as define a quantum algorithm, which extracts a particular information out of a data
base with n qubits. We assume that the starting state is any superposition of 27 states, out of
which we are extracting a particular state. In the case that the starting state is a superposition
of 27 states with equal coefficients (20), all of them equal to 277/2, the algorithm is known
as the Grover’s algorithm [3]. Let |k), be a state of p qubits

plklm), = &, (25)

and let |ko), be a particular state of p qubits, which we would like to extract out of an
general superposition [/™) of 27 orthogonal states |k),

2P

my o
W =3 e
k=1 V D ot

= A"|ky' L)p + B" ko). (26)

k) p.
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with

g Ly, =3 ad

mx . n
ktko 4/ Zk’;éko Q0

Zk/#ko (XZ}*C(,’(" (XZE)* a/){rf)
A" =costy =—= || - =———,
S apay T afa]

m
%
TSl

Let us define the unitary operator é,’,” (one can easily see—the technique is very useful

k) p,

27)

B" =sin, ' =

for this purpose—that there are not additional useful possibilities for a choice of ézl)

éff = Q") p (" = 1) —=2lko)p plkol)- (28)
We find é;”é;l = I. Since we can write

|wm>p p(\ﬁml = COSz ﬁmlk()n J—)p p(k(r)n L | + Sin2 79m|k0>p p<k0|
+ sin®,, cos O (e~ k' L), p(kol + €' ko) piko' L 1), (29)

it accordingly follows
ENIY™)p = [c0s 20, + sin 28, (¢ |ko) p (k' L | — e~ " [kg" L), p(koDIY™),
= cos(30,) |k L), + e sin(39,,) ko) p- (30)
If we apply the operator f:';” J times, we find
(é[';n)j |‘/fm>p = [COS(Zj?}m) + Sin(zjﬁm)(ew)m |k0>pp<k(r)n L | - e—i(p,,, |k6n J—>pp(kO|)] wfm)p
= cos[(2j + D)l 1k L), + €' sin[(2j + 1)1 ko) - 31

It follows that (é;,”)f extracts our particular state |ko), out of the initial state [/"),, if we
choose j so that

[(1+2)0, + 6] = % (32)

for as small |e| as possible. If we choose the initial state [¢y™), to be just our desired state,
then 9, = /2 and j = 0. If the initial state has all the coefficients equal to 2772, then this
is the Grover’s algorithm [3], provided that sin #,, = 277/2. Not necessarily the generalized
algorithm is more efficient than the Grover’s one. It might even be, that it is worse if we
do not choose ¥, equal to 277/, but when we have some particular knowledge about the
desired state, it might be very useful.
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6 Concluding Remarks

We presented in this paper how can the Clifford algebra technique [1, 2] be used in quantum
computers for generating quantum gates, demonstrating that the Clifford algebra technique
[1, 2] makes the formation of quantum gates very transparent and accordingly very simple,
for either nonrelativistic or relativistic spinors. Although our projectors and nilpotents can as
well be expressed in terms of the ordinary projectors and the ordinary operators (we chose
the basic states so that when going into the matrix representation the usually used matrices
are reproduced), the elegance of the technique might be very helpful to better understand
the operators appearing in the quantum gates and quantum algorithms and to faster see
consequences of various applications of the gates.

We present also the algorithm appropriate for extracting an information out of any super-
position of 2" n qubit states. This is a generalization of the well known Grover’s algorithm,
allowing in principle a faster extraction of a particular information than the Grover’s algo-
rithm, if the initial state favours the particular state. Our algorithm becomes the Grover’s
algorithm for a very special choice of the initial state, out of which the information is ex-
tracting.

The presented Clifford algebra technique (with nilpotents and projectors [1, 2]) used in
this paper for quantum gates and algorithms for the two states quantum bits can be quite
easily generalized to cases with more than two states qubits (qudits). Transparency of our
way of presenting quantum gates and algorithms may qualify the technique for further use
when searching for new algorithms. A different point of view on any problem may many a
time help a lot.
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